In recent times, several experimental studies have reported improved ballistic penetration resistance and blast survivability of metallic structures to which an external coating of a soft elastomeric material has been applied. This work is aimed at understanding, through numerical simulations on a simple metal/elastomer flat plate geometry subjected to planar blast waves, the detailed mechanics of wave propagation, damage evolution and mitigation in a bilayer system. Void nucleation, growth and coalescence is assumed to be the damaging mechanism in the metal. A meshless technique based on smoothed particle hydrodynamics is used within the framework of large deformation elastoviscoplasticity in the metal and nonlinear elasticity in the elastomer. We show that the thickness of the elastomer plays an important role in shielding void activity in the metal, by creating a sequence of closely spaced pulses that reflect from the interface and free surfaces to maintain non-tensile or weakly tensile states of stress. Moreover, a fictitious material that is capable of undergoing a transformation to a harder material under pressure is studied that proves to be an ideal candidate for damage mitigation.
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Introduction
For the past few years, there has been an increased interest in evaluating the role of polymer coatings while designing impact and blast resistant structures in both military and civilian applications. In this regard, experimental [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] , theoretical and numerical [12] [13] [14] [15] [16] [17] [18] studies have been carried out on metal-polymer bilayers subjected to high strain rate loading to understand the mechanisms by which coatings minimize damage in metal layers.
Thin layered structures subjected to high strain rate loading are known to fail by necking instability due to strain localization. Bifurcation analysis of a layered ductile structural element by Guduru et al. [12] is one of the early studies on the role of a coating in delaying necking in layered materials at high strain rates. They studied the effects of the strain-hardening exponent and yield strength of the coating on the bifurcation strain and energy dissipation in the substrate material. Numerical simulations of quasi-static and dynamic biaxial stretching of metal-elastomer bilayers by Xue & Hutchinson [13, 14] showed that, as the stretch increases, the rate of decrease in the effective incremental modulus of the bilayer is lower than that of the metal, which causes a substantial increase in the necking limits and the energy absorption capabilities of the bilayers.
McShane et al. [1] performed dynamic bulge forming tests on polyurethane coated, clamped copper plates and concluded that coatings applied on an 'equal mass' basis are not effective under dynamic loading conditions. In fact, they showed that an increased mass due to the addition of a polyurethane layer improved the dynamic performance of the bilayer. A similar observation was made by Morales et al. [3] , Zhang et al. [2] , who conducted expanding ring/tube experiments on polyurea and polycarbonate-coated aluminium (Al) rings and tubes to study the effect of the coating on strain localization in the Al layer. In their work, it was found that the inertial effect due to the additional mass and the flow resistance of the coating are responsible for retarding the strain localization and delaying the failure in the Al layer. Also, they found polycarbonate to be superior to polyurea in resisting strain localization, the reason being a higher yield strength of the former.
By contrast, the role of elastomeric layers on thin metal plates subjected to very high-speed impact or blast loading has attracted attention in recent times. Unlike in the cases mentioned above, shock waves are generated in these systems and lead to early spall due to the extremely high mean stresses. It has been reported that polymer layers added to metal plates mitigate shocks and delay spall. Amini et al. [6, 7, 15, 16] compared the response of monolithic steel plates subjected to impulse and direct-pressure pulse loading with that of metal-polyurea bilayers using experiments and numerical simulations. The position of the polymer coating relative to the metal has significant effect on the degree of mitigation though opinion seems to be divided on the choice of best location. Amini et al. [6, 7, 15, 16] concluded that polyurea coated on the back face of the metal plate (opposite to the blast-receiving side) mitigates failure, while coatings on the front face (blastreceiving side) promote early failure in the steel plate. On the contrary, blast loading experiments on polyurea-coated layered composite panels made of E-glass Vinyl Ester, by Tekalur et al. [5] , revealed that polyurea applied to the front face considerably increases the blast resistance. In fact, they showed that the blast performance of sandwich materials, in which polyurea is sandwiched between two composite skins, was superior to that of the polyurea-coated layered panels. The difference in conclusions between these two groups could be due to differences in one or more of their experimental conditions like substrate materials, thicknesses of the coating and substrate, type of loading and load duration, etc. This also underlines the fact that a complete understanding of the sequence of shock wave interactions that lead to delay or complete suppression of spall in metal layers coated with a soft elastomer is lacking.
It is also clear from the literature that the choice of the coating material is of importance. Bogoslovov et al. [9] and Roland et al. [10] performed impact experiments on polyurea-coated steel plates to study the effect of impact-induced glass transition mechanism of polyurea on impact/shock energy absorption. It was noted that polyurea exhibits a broad range of glass transition temperatures due to its phase-separated microstructure, where hard microscopic domains are present within a compliant matrix. They reasoned that this enables polyurea to undergo 'dynamic glass transition' under high strain rate loading conditions (rate-dependent glass transition). Grujicic et al. [17] carried out numerical simulations of these experiments to identify the relaxation time scales responsible for dissipation of the impact energy through glass transition mechanism. In another work by Grujicic et al. [18] , it was established that for the shock energy to be dissipated, the presence of a volumetric dissipative mechanism in the material for coating is necessary. Also, molecular dynamics simulations of polyurea under planar shock loading conditions have been carried out to investigate the molecular origins of the material's shock-mitigation capability [19] [20] [21] [22] .
While several specific examples of damage mitigation exist, the generic role of the coating in containing or completely suppressing damage within the substrate is poorly understood. Questions like whether coatings should be hard or soft, thick or thin remain. Ideal characteristics of a coating material in terms of its stiffness, dissipative property, glass transition characteristics, etc. also need to be understood. In this work, we model a metal/coating system under simple plane shock loading conditions in an attempt to answer some of these questions. Void growth and coalescence in the metal is assumed to be the reason for spall fracture.
To this end, we have carried out a set of systematic analyses of bilayers subjected to moderate plane shocks using x − t diagrams and numerical simulations. The coating is on the back face of the metal and in the rest of the paper, we use the term 'backing' to refer to coating. A two-dimensional Lagrangian meshless code based on smoothed particle hydrodynamics (SPH), developed by the authors, is used for the simulations. The objective is to identify the mechanisms in a bilayer system that can delay the final fracture in the metal. Two possibilities are presented in this paper by which the above objective can be achieved. It should be mentioned here that the analysis of planar shock wave propagation is essentially a one-dimensional problem. However, after damage initiates in the metal layer, the incident shock and the reflected waves may no longer remain planar and therefore, it is necessary to conduct a two-dimensional simulation as also done by Czarnota et al. [23] .
The computational methodology and constitutive details are described briefly in § §2 and 3. Our analysis starts with the study of fracture in a metal layer without any backing in §4a. In the same section, the utility of a backing is established. In §4b, the advantages of having a soft backing over a harder 1 one in protecting the metal layer are discussed. The effects of compressibility and viscous dissipation of a soft backing on failure mitigation in the metal are investigated in §5a. The two ideas of this paper, namely -a fictitious material for the backing which is capable of undergoing pressure-induced transformation; and -an optimum ratio of the thicknesses of the backing to metal are presented in § §5b and 6. In these two situations, the time to final fracture in the metal layer is an order more compared to the time taken for a longitudinal wave to travel through the metal thickness. Finally, we summarize our findings in §7.
Computational methodology
In this section, the details of SPH methodology and the flow of our SPH code are presented. Assuming that body forces are absent and adiabatic conditions prevail, the balance of mass, momentum and energy are
where ρ, v, σ , d and e are the density, the material velocity, the Cauchy stress tensor, the strain rate tensor and the internal energy per unit mass, respectively. As shown in figure 1 , in our simulations, the domain is discretized into nodes (represented by smallcase Roman subscripts) and integration points (represented by uppercase Roman subscripts) as in Dyka et al. [24] and Randles & Libersky [25] . Integration points carry velocity gradients, stresses, densities, internal energies, temperature and other internal variables, while nodes carry The discrete forms of the balance laws in equation (2.1) [26] are given as,
where W iJ = W(r iJ /h) is a cubic B-spline smoothing function given by
Here, m J is the mass on each point, r iJ = |x i − x J |, x and h are the current position vector and the smoothing length of a node or integration point. The tensor B i , referred to as the normalization tensor, is a correction term to ensure consistent interpolation of constant and linear fields on boundary points, which have a lesser number of neighbours compared with interior ones (for example, i, marked with × in figure 1 ). The form of
The SPH approximation for the velocity and deformation gradient tensors, respectively, are
and 
Material models (a) Elasto-thermoviscoplastic model for the metal
In this work, copper is used as a representative material for the metal layer. The material is assumed to be elastic-viscoplastic with the hydrostatic pressure given by the Mie-Grüneisen equation of state (EOS), so that
where p = − 1 3 σ : I, χ = ρ/ρ 0 − 1, ρ 0 is the initial density of the material and Γ 0 the Grüneisen parameter. Also, p H is the reference pressure on the p − ρ Hugoniot curve, given by
where
, C 0 and S 0 being the constants of shock velocity-material velocity Hugoniot. Equation (3.1) can be written in the rate form aṡ
, is the ρ dependent bulk modulus of the solid, I the identity tensor and
is the hydrostatic part of the Kirchoff stress tensor and d T is the thermal part of the strain rate tensor, given by
In equation (3.4) , α l is the coefficient of linear thermal expansion and T the absolute temperature. The deviatoric part of the Cauchy stress, σ , is given in terms of the Jaumann rate of deviatoric Kirchoff stress tensor (τ = (ρ 0 /ρ)σ ) as
where d e is the elastic part of the strain rate tensor, μ the shear modulus of the material and d vp is the deviatoric part of the plastic strain rate tensor, which is assumed to obey J 2 flow rule, i.e.
In equation (3.6),σ is the flow stress and˙ is the equivalent plastic strain rate. A rate-dependent, power-law hardening form [28] is assumed forσ , so that
where¯ is the equivalent plastic strain, σ 0 the initial yield stress, 0 the strain at initial yield,˙ 0 the reference strain rate, T 0 and T m the reference and melting temperatures, N, m and m j the strain hardening, strain rate and thermal sensitivity exponents, respectively. Failure in the metal is modelled using a void growth-based damage law due to Johnson [29] , with microinertia [30] included. Thus, the governing equation for void volume fraction, f , is given as
where σ H = −p, a 0 is the initial void radius, f 0 the initial void volume fraction and pth the threshold mean stress given by
Here, γ 0 is the viscosity coefficient of the matrix material surrounding the voids. Then, the damage variable D is related to f as
where f cr is the critical void volume fraction, while n is a constant that governs the damage growth rate. To model damage evolution, following Das & Cleary [31] , only the tensile principal stresses of σ are scaled down by a factor (1 − D). To implement this in the constitutive equations described above, a scaling tensor, D is defined as 2 where
Moreover, σ k and e p k , k = 1, 2, 3, are the principal stresses and the principal directions of σ . Then, the Kircoff stress tensor, τ , of the damaged material is given by τ = Dτ D, (3.12) whereτ is the Kirchoff stress tensor of the corresponding undamaged material. The details of the stress update scheme for the material model of the metal layer are provided in the electronic supplementary material.
(b) Visco-hyperelastic model for the backing
For the soft backing, a nonlinear visco-hyperelastic constitutive model due to Pawlikowski [32] is used in this paper. Accordingly, it is assumed that the second Piola-Kirchoff stress tensor, S, can be additively split into volumetric (volume changing) and isochoric (volume preserving) stress contributions, i.e. are given by Holzapfel [33] ,
S(C, t)
Here, Ψ VOL and Ψ ISO are the volumetric and isochoric parts of the free energy function, Ψ , J the determinant of F(=detF), C the right Cauchy Green strain tensor andC = J −2/3 C. The subscript 'e' in equations (3.13) and (3.14) denotes the elastic part of S. The time-dependent functions κ(t) and ζ (t) represent Prony series of the bulk and shear moduli of the material, respectively, and the operator • denotes convolution. In this work, the form of the free energy function given in Simo & Armero [34] for a compressible neo-Hookean material is used, i.e.
where both I 1 andĪ 1 (= J −2/3 I 1 ) are the first invariants of the tensors C andC, K b and μ b are the bulk and the shear moduli of the material. The bulk viscous behaviour of the soft backing is assumed to be governed by a single-term Prony series, so that κ(t) = κ ∞ + (1 − κ ∞ ) e −t/t 0 , where κ ∞ ∈ [0, 1] corresponds to the long-term modulus of the material and t 0 is the relaxation time. Since only plane wave loading is considered in this work, shear viscous behaviour is found to play little role on the void growth behaviour in the metal. Thus throughout the paper, shear part is taken to be non-dissipative, so that ζ (t) = 1. In an attempt to model a highly dissipative backing material in the strain rate range of 10 4 − 10 6 s −1 , encountered under shock conditions, we use t 0 = 0.1 µs and κ ∞ = 0.3. This yields a maximum value of 0.62 for viscous dissipation quantified by tan δ (=lossmodulus/storagemodulus) at a frequency of ω = 10 7 Hz.
Following Pawlikowski [32] , S at time t + t is obtained numerically using
/∂u du corresponds to the history of the volumetric deformation till time t and u is a dummy variable of integration. As mentioned earlier, shear part is taken to be non-dissipative, due to which equation 
Motivation for a soft backing to the metal layer
The question we are probing in this section is whether a metal/backing system is better than one without a backing. Here, efficacy of the backing is measured through the evolution of f -if the void volume fraction in a system evolves slower and is limited to below f cr under the same conditions of loading, the backing is considered effective.
Through x − t diagrams and SPH simulations, we show why having a backing material will be helpful. Further, the advantage of having a soft backing over a harder one is emphasized.
In all the x − t diagrams discussed in this section, the wave speeds are assumed to be constant and not affected by material nonlinearity. This approximation does not affect the conclusion(s) arrived at towards the end of this section.
The problem geometries considered in this study without and with backing are shown in figure 2 . In all the cases discussed in this work, the thicknesses of the metal and the backing are taken to be d m = 1.4 mm and d b = 1.6 mm, except where the effect of the backing thickness is discussed. A square-shaped pressure pulse of the form p 0 {H(t) − H(t − t 1 )} is applied on the left face (x = 0) of the metal layer, as shown in figure 2. The value of t 1 is taken to be ≈0.8t d , where t d is the time taken for the longitudinal wave to travel through the metal thickness (
and C L the elastic longitudinal wave speed of the metal. The time axis in all the plots is normalized with the time constant t d .
The material constants used for the metal are given in table 1. The values for the exponents of strain hardening (N), strain-rate sensitivity (m) and thermal sensitivity (m j ) are obtained by fitting the experimental stress-strain curves of copper from Stevenson et al. [35] . The constants of Mie-Grüneisen equation of state for copper are taken from the monograph by Meyers [36] . The values of the void growth model are determined to match the free surface velocity profile and the distribution of void volume fraction from flyer-plate impact experiments on copper, respectively, by Rajendran et al. [37] and Curran et al. [38] . The details of the validation of these values can be found in Siva Prasad & Basu [39] .
(a) Necessity of a backing
The case of metal without backing is discussed first. Figure 3 shows the evolution of void volume fraction, f , at the spall plane (defined later in this section) for p 0 = 2 GPa and p 0 = 4 GPa, computed using our SPH code. For the 2 GPa case, void growth occurs in two stages, indicated as AB and DE, with a dwell, BD, in between them. On the other hand, fracture is complete in a single stage (marked as AB ) for the 4 GPa case. In both cases, damage ensues at t/t d ≈ 1.5, the first instance a tensile state of stress is generated at the spall plane in the metal. However, when p 0 = 4 GPa, failure is caused and completed by the first tensile pulse by t/t d ≈ 2.5. The dwell in evolution of f for p 0 = 2 GPa gives an opportunity to further modify the second stage of evolution of damage. In all subsequent simulations, the loading magnitude is limited to 2 GPa where there is an opportunity to delay the final fracture in the metal. Figure 4a ,b shows the incident and all the reflected waves in the metal at various instances from the start of the loading. When the loading begins at t = 0, a shock wave, marked as C 1 in figure 4a,b(i) , propagates into the metal. When the loading is complete at t = t 1 = 0.8t d at the surface x = 0, a rarefaction wave, marked as R 1 in figure 4a ,b(i)(ii), follows the incident wave and relaxes the shocked state in the material. Meanwhile, the shock wave C 1 interacts with the right surface of the metal, which is traction free, resulting in another rarefaction wave (marked as R 2 in figure 4a,b(ii)) travelling back into the metal. This wave also reduces the shocked stress to zero, but increases the material velocity to twice the shocked material velocity. The two rarefaction waves interact with each other to generate a tensile stress state, which is initially a square pulse (marked as T 1 in figure 4a,b(iii) ) at the meeting point, marked A in figure 4a. This meeting point marks the spall plane, denoted with dashed lines in figure 4a,b. If this tensile stress is greater than the threshold mean stress pth, f starts evolving at the spall plane (at the point A in figure 3 ). Due to stress relaxation, the tensile square wave breaks into two triangular waves as shown in figure 4b(iv)(v). The right-going triangular tensile pulse reaches the metal back surface and results in a compressive pulse (C 2 in figure 4a,b(vi)) travelling back into the metal. Thus, f evolves from the time A till the compressive pulse C 2 reaches the spall plane, which is marked as B in figures 3 and 4a.
For high values of p 0 (dashed curve in figure 3 ), f may evolve to f cr in the time t AB . However for lower p 0 , the reflection of the left-going tensile pulse at the other free surface of the metal causes another compressive pulse of the same magnitude (C 2 ) to propagate into the metal. The two compressive pulses meet at a point away from spall plane, resulting in compressive pulses C 3 ( figure 4a,b(vii) ) travelling to either sides. The dwell in the f evolution, marked as BD in figure 3 , corresponds to the time during which the spall plane witnesses compressive states C 2 and C 3 . Further, when the compressive pulse C 3 interacts with the metal back surface, a tensile pulse (T 2 in figure 4a,b(viii) ) propagates back into the metal. This tensile pulse reaches the spall plane at a point denoted by D in figures 3 and 4a. At this point, the second stage of evolution of f , marked as DE, is triggered and the fracture is complete at point E.
The above analysis makes it evident that the reflection of a compressive wave at the metal-free surface is the cause for both the tensile waves T 1 and T 2 . At this point, a simple linear elastic wave propagation analysis is helpful to demonstrate the role of a backing in reducing the magnitude of these tensile pulses.
(b) Soft versus hard backing
Consider the case of a metal with backing subjected to a general loading of the form p 0 g(t), applied at the metal surface x = 0. Assuming both the materials to be linear elastic, the state of stress after reflection of the incident stress wave at the metal-backing interface (x = d m ) is given by Achenbach [40] , Figure 5 shows the wave reflection phenomena for these cases, when the loading is a compressive square pulse (g
(t) = H(t) − H(t − t 1 )).
With the presence of a backing (Z b = 0), a compressive wave C 2 (instead of the rarefaction wave R 2 in figure 4a ) forms upon the reflection of the incident wave C 1 at the metal-backing interface. With a soft backing (Z b < Z m ), the magnitude of this compressive pulse will be lesser than that of the incident compressive pulse (figure 5a). Consequently, the resulting tensile stress at the meeting point of the waves R 1 and C 2 (at point A) will be lesser than that generated when there is no backing.
On the other hand, with a hard backing (Z b > Z m ), the magnitude of C 2 will be greater than that of C 1 (figure 5b) and consequently no tensile stress is generated within either the metal or in the backing at this instance. This may seem to be a situation better than that of a soft backing, as the elimination of the tensile state at A will prevent the evolution of f . However, it will be shown that a tensile stress state, at some location within either the metal or the backing, is inevitable. In fact, though the onset of damage can be delayed with a hard backing, the total time till final fracture may still be comparable or even lesser than that with a soft backing. A detailed analysis of this problem through SPH simulations and x − t diagrams is carried out next.
In all the subsequent simulations, we assume that the stress levels in the backing material will be significantly lower than in the metal (an assumption that may be grossly invalid for a hard backing-another reason why it should not be used to mitigate shocks) and failure does not occur in the backing.
In the SPH simulations carried out for metal with soft and hard backing, representative properties are used for the respective types. For the soft backing, the values of the shear and bulk moduli, respectively, are taken to be μ = 110 MPa and κ = 11 GPa so as to simulate a nearly incompressible material. The density of the material is taken to be 1100 kg m −3 . In this section, the soft backing is taken to be non-viscous so that κ ∞ = 1. On the other hand, the hard backing is modelled as an elastic material, with the pressure part given by the Mie-Grüneisen EOS. The properties of tungsten carbide (WC) are chosen for the hard backing so that, its density, shear modulus and EOS constants are 15 600 kg m −3 , μ = 246 GPa, C 0 = 4.92 Km s −1 , S 0 = 1.339 and Γ 0 = 1.78 [36] . Figure 6 shows the evolution of f for the cases of metal with soft (dashed) and hard (grey solid line) backing materials compared against that for metal without any backing. The salient points to be noted are (i) fracture occurs in three stages (marked as AK, LM and NP in figure 6 ) with soft backing case as opposed to two stages (marked as QR and ST) for the harder one; (ii) though the onset of damage evolution is delayed with hard backing, the growth rate of f during the first stage is the highest; and (iii) the time from damage initiation to complete failure is almost same in both cases with backing. Figures 7 and 8 show the wave interactions for the cases of metal with soft and hard backing, respectively, in x − t plane. As was stated earlier, due to the presence of a backing (Z b = 0), the rarefaction wave R 2 in figure 4a gets replaced by a compressive wave C 2 in figures 7 and 8.
The case with soft backing is explained first. As mentioned earlier, the magnitude of the compressive pulse, C 2 , is lesser than that of the incident pulse C 1 . As a result, the magnitude of tensile stress state T 1 in figure 7 is smaller than that with no backing case (T 1 in figure 4a) . Thus, with soft backing, the first stage of evolution of f starts at the same point A as in the case with no backing (figures 3, 4a, 6 and 7), but at a slower rate. The remaining wave reflections are similar to what is observed with no backing case, except for the additional tensile wave T 4 generated in and travelling from the soft backing (T b1 , T b2 in the soft backing in figure 7 gets transmitted as T 4 through the metal). This tensile pulse superposes with the second stage of tensile state T 4 (figure 7) at the spall plane, resulting in an increase in the damage growth rate. However, due to the slower evolution of f during the first stage, fracture occurs in three stages (AK, LM and NP in figures 6 and 7) with the soft backing case.
Since the evolution of f occurs only under tensile states of stress, damage at the spall plane in the metal is caused by the tensile pulses generated by C 2 and R 1 , i.e. T 2 and T 3 (and T 5 and T 6 , etc.) as well as by T 4 . Out of these, the first two result from reflections at the metal-backing interface and are therefore governed by the impedance mismatch between the two. On the other hand, the intensity of the tensile pulse T 4 depends on the material properties of the backing. Moreover, the time of arrival of T 4 depends on the thickness of the backing layer. If we are able to control the magnitude of any of these pulses, we can delay or prevent failure in the metal. On the other hand, with the hard backing case, the magnitude of C 2 in figure 8 is higher than that of C 1 and, thus, no tensile stress is generated at the meeting point of the waves C 2 and R 1 . As a result, the whole pattern of waves in this case is different from what is found with no backing and soft backing cases.
A tensile state is generated within the hard backing (marked as T 1 in figure 8 ) when the rarefaction waves R 2 and R 3 interact. Since the impedance of the hard backing is higher than that of the metal, the magnitude of this wave slightly decreases as it gets transmitted (marked as T 3 in figure 8 ) through the metal. Meanwhile, another tensile stress state (T 2 in figure 8 ) is generated in the metal at a point closer to the other surface of the metal due to interactions of the rarefaction waves R 3 and R 4 . The superposition of the two tensile states T 2 and T 3 at a point Q in the metal results in a very high tensile state (T 3 ) in the metal. This point is marked as the spall plane in figure 8 and is now closer to the interface. The void volume fraction f starts evolving as marked by Q in figure 6 . Further, when this wave interacts with the interface, a stronger tensile wave T 4 comes back into the metal due to the higher impedance of the hard backing. Thus with a hard backing, as can be seen from figure 6, the void growth during the first stage is faster compared to the cases with no backing and soft backing. It is difficult to keep track of the wave interactions beyond this point due to the waves coming from the backing. It is found from our simulations that the fracture was completed at a point marked T in figures 6 and 8. It must be noted that for a thinner hard backing, the onset of damage evolution would have occurred even earlier. Thus, as the thickness decreases, the total time till final failure with a hard backing tends towards that of a no backing case. Also, the location of the spall plane shifts closer to the interface.
The reflection of a tensile wave at the interface of a metal and a hard backing will always result in a stronger tensile pulse. This is a serious disadvantage with a hard backing, since not only the metal, but also the interface and the backing experience very high tensile stresses. Thus, we conclude that a hard backing does not provide enough scope to protect the metal. In the rest of the paper, we continue with our attempts to delay failure in the metal with a soft backing.
Towards an ideal backing material
In this section, various features of the assumed constitutive response of the soft backing are explored in a systematic manner with an aim to delay the failure in metal. Towards the end of the section, a fictitious material that undergoes pressure-induced transformation is proposed as a potential material for soft backing, which can delay the failure in the metal by an order more compared to t d . In the rest of the paper, the term backing will be used to refer to soft backing. 
(a) Effect of compressibility and viscous dissipation
It was demonstrated in §4 that the tensile pulse T 4 from the backing ( figure 7) is responsible for the rapid void growth in the metal during the second stage (LM in figure 6 ). Here, with a view to delay or diminish this additional tensile pulse, the effects of a compressible and a viscous backing are separately studied with SPH simulations. The case with non-viscous, nearly incompressible hyperelastic backing (K b = 11 GPa and κ ∞ = 1) is taken as the benchmark. To simulate a compressible material, the bulk modulus of the backing, K b , is reduced to 4 GPa, maintaining κ ∞ = 1. On the other hand, to simulate a viscous backing, the value of κ ∞ is changed to 0.3 (which corresponds to a high dissipation factor of tan δ = 0.6), while its bulk modulus is kept at the value K b = 11 GPa, as that for the benchmark case. Figure 9 shows the evolution of f for the cases in which the backing is compressible (dashed) and viscous (grey solid line). In both cases, the fracture is completed in three stages, like in the benchmark case. The time to fracture with the compressible backing is marginally lower, while with viscous backing it is slightly more than that of the benchmark case.
For the compressible backing, since the impedance ρ b (C L ) b has been reduced, the compressive pulse C 2 is weaker and the rise in f during the first stage is higher than that of the benchmark case. Also, the tensile pulse T 4 from the backing (figure 7) is delayed. Thus, the value of f at the end of the second stage of void growth is lesser than that of the benchmark case. However, later on, the tensile pulse from the backing superposes with the tensile state in the third stage and, thus, completes the fracture in the metal earlier than the benchmark case.
The rise in f during all the three stages with viscous backing is lower than that with compressible backing. This is because the viscous nature of the backing disperses the incident shock and reduces the magnitude of the tensile pulse T b1 (and similar subsequent pulses) generated in the backing. This low-magnitude tensile pulse diminishes further as it travels through the viscous material towards the metal. Thus, a slight delay in the final fracture at the spall plane is seen with a viscous backing. Increasing the dissipation factor of the backing, by decreasing κ ∞ further, did not show any improvement in terms of delaying the fracture and we continue with κ ∞ = 0.3 in the remaining analyses.
Viscosity of the backing plays a role, albeit minor, in delaying fracture in the metal. Reduction of the magnitude of T b1 (in figure 7) affects only the last stage of failure. Substantial damage evolves even before the first pulse from the right free surface of the backing reaches the spall plane. We now focus on means of reducing the earlier tensile pulses that are caused by reflection from the metal-backing interface. figure 7 ; LM in figure 6 ) at the spall plane. To this end, we vary the thickness of the backing, keeping the metal thickness fixed, with a view to time the arrival of the tensile pulse T 4 from the backing such that it meets the compressive pulses C 5 or C 8 somewhere between the spall plane and the metal-elastomer interface ( figure 7 ). This will weaken C 5 (C 8 ) and in turn lead to weaker reflected tensile pulse T 2 (T 5 ). The backing material is taken to be viscous for all the thicknesses and all the material parameters are same as in §5a. The role of the thickness, d b , of the backing is to adjust the time at which T 4 arrives at the spall plane. If it coincides with either C 5 or C 8 , the resultant signal at the spall plane may remain compressive. This will modify either LM or NP part of the evolution of f (figure 6).
In figure 10 , we show that an optimum thickness exists at which the time to fracture increases dramatically. For our problem, this optimum thickness is given by d b /d m = 0.5, at which the pulses T 4 and C 5 merge with each other, thus delaying the onset of the final stage NP. At higher or lower values of d b /d m , the effect is not so pronounced as exact coincidence of pulses does not occur.
A fictitious backing material
So far we have looked at ways of reducing the magnitude of tensile pulses in the metal, using the tensile pulses generated in the backing. Strong tensile pulses responsible for early void evolution at the spall plane are generated by reflection from the metal-elastomer interface. From the analyses carried out so far, it is evident that a viscous backing is necessary to dampen the tensile stresses generated in the backing. On the other hand, an increase in the impedance of the backing (as demonstrated by the hard backing) can reduce the magnitude or even eliminate the earliest tensile pulse T 1 . Thus, a potential material for the backing should have a balance between its modulus and its dissipation factor for the best effect in terms of retarding the evolution of damage in the metal. In the light of the recent studies on the ballistic performance of certain elastomers which undergo shock-induced glass transition [9, 10, [17] [18] [19] [20] [21] [22] , the role of a pressure-induced transforming material in delaying the fracture in the metal is explored in this section. To this end, we explore a 'what if' scenario where the viscous backing undergoes transformation above a certain threshold pressure 3 (p) in such a way that the material gets harder and denser. To this end, a simple scheme is adopted in the simulation. The properties of the backing material are modified to K b = 1.5K b , μ b = 1.5μ b and ρ b = 1.5ρ b wherever the material undergoes transformation, satisfying the condition p >p. A threshold pressure ofp = 250 MPa is used in the simulation. Due to the viscous nature of the backing, the shock pressure decreases as the shock wave traverses the backing. As a result, only a portion of the backing from the metal-backing interface experiences high enough pressure levels and undergoes transformation. Figure 11a shows the transformed region of the viscous backing, which is nearly half the thickness of the backing for the chosen transformation pressure ofp = 250 MPa. It must be noted that the change in the properties of the transformed material has been chosen to ensure that the elastic sound speed of the backing does not change. This allows sufficient time for damping of the tensile pulse, generated in the backing, as it passes through the backing material. Meanwhile, due to the increase in impedance (Z b = 1.5Z b ) of the transformed region, the magnitude of tensile pulses generated in the metal due to reflection of compressive pulses at the metal-backing interface are reduced. Figure 11b shows the evolution of f in the metal with both non-transforming and transforming viscous backing, obtained from our simulations. Void growth starts at the same time for both the cases. At the end of the second stage of void growth, the transforming viscous backing has a lower value of f . After this stage of void growth, all the subsequent tensile pulses witnessed by the spall plane in the metal happen to be lesser in magnitude than pth. Thus, a remarkable retardation in the void growth is observed and consequently, the time from fracture initiation to completion is more than 30t d . Figure 12a demonstrates the effect ofp on the retardation in void growth. Very high values ofp(=400 MPa) cause very little transformation and thus has minimal advantage over a nontransforming material. For low transformation pressure (p = 200 MPa), the failure time reduces indicating that our fictitious material should have the 'correct'p for the best effect. Low values of p also increase the weight after transformation, which may be undesirable.
We have also looked at what happens if transformation causes a very large change in impedance. Figure 12b shows the situation where Z b = 5Z b , maintainingp = 250 MPa. Excessive hardening, like the hard backing case studied in §4, shifts the location of failure to the interface. As shown in figure 12b, failure happens earlier at the interface rather than at a spall plane within the metal.
Thus a fictitious designer material capable of transforming under pressure to a material with higher impedance has interesting possibilities towards preventing spall in the metal. Such a material is not far from reality. Recently, Bogoslovov et al. [9] and Roland et al. [10, 11] reported the ability of polyurea to undergo impact-induced transition from rubber to glassy state which enhances the energy dissipation property of the material.
Further, Grujicic et al. [19, 20] carried out all-atom simulations of polyurea subject to planar shocks to determine the shock Hugoniots of polyurea and compare the effects of the initial microstructure of the sample. It was found from their work that a polyurea sample with nanosegregated microstructure displayed superior shock-mitigation property compared to a fully mixed one. They attributed this observation to (i) breakage/rebuilding of hydrogen bonds within the hard domains of the nano-segregated polyurea, (ii) transverse motion of atoms at the shock front, and (iii), more importantly, within the context of this study, significant permanent densification of the material within the shocked regions. Also, their simulation studies using coarse-grained bead models of polyurea [21, 22] helped them arrive at an optimum range of molecular weights of the soft domains in polyurea, for which the extents of nano-segregation process and shock-wave dispersion can be maximized.
Summary
Simulations are carried out systematically to explore various possibilities in which a backing to a metal layer can delay the failure in the metal layer subjected to moderate planar shock loads. Both material and geometry aspects of the backing material are considered. Salient conclusions from the above analyses are:
(i) Irrespective of the thickness of the backing, a hard backing to a metal layer does not provide any protection to the metal. However, it delays the onset of damage at the spall plane. Also, the harder the backing the closer the fracture location moves to the metalbacking interface. (ii) For a given backing material, there exists an optimum ratio of the thicknesses of the backing to metal d b /d m that causes a very significant retardation in damage evolution. Moreover, the optimum ratio may be determined by carefully synchronizing the arrival of tensile pulses from the backing with compressive ones generated in the metal. It should be borne in mind that the optimal thickness obtained here (i.e. backing is half the thickness of the metal layer) is specific to plate impact and a square input pulse. For other shock-induced loading situations, the optimal thickness may be different. However, the point to be noted is that the thickness of the backing has a significant role to play in shock mitigation. It seems possible that one can arrive at an optimal thickness under any situation by carefully synchronizing the superposition of compressive pulses resulting from reflections with tensile ones. (iii) A fictitious backing material, which is capable of undergoing transformation depending on a threshold pressure, is found to delay failure in the metal dramatically provided it possesses an optimal combination of transformation pressurep and impedance after transformation.
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